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MA THEMA TICS DEPARTMENT

Model Examination - Parametrization and Conic Sections (MATH 2025)

Total Marks: 16
Time: 1.5 Hours

Part A
(Answer any 4 questions. Each carries 1mark)

1. State the standard Cartesian equation for an ellipse centered at the origin with foci on the x-axis.
Define the terms semimajor axis and semiminor axis. (Ref: Section 11.6)

2. Define the eccentricity e of an ellipse and a hyperbolainterms of a and c .(Ref: Section 11.7
Definition)

3. State the formula for the length . of apolarcurve r = £(8) from 6 = o to 6 = B .(Ref:
Section 11.5, Eq. 3)

4. State one test for symmetry about the y-axis(theline 6 = /2 )forapolargraph r = £(9) .
(Ref: Section 11.4, Symmetry Tests)

5. State the parametric formula for d?v/dx? .(Ref: Section 11.2, Eq. 2)

6. What is the relationship between polar coordinates (r, ©) and Cartesian coordinates (x,
v) ?(Ref: Section 11.3)

(4 x1=4 Marks)

PartB
(Answer any 3 questions. Each carries 2 marks)

7. Given the parametric equations x = -Vt , v = t, £t > 0.ldentify the particle's path by
finding a Cartesian equation. Graph the Cartesian equation, indicating the portion traced and the
direction of motion. (Ref: Exercise 11.1.2)

8. Given the parametric equations x = 4 cos t,y = 2 sin t, 0 < t < 2n.Finda
Cartesian equation for the path and identify the shape. Indicate the direction of motion. (Ref:
Exercise 11.1.7)

9.Find d2y/dx? asafunctionof t if x = £t - t2 and y = t - t2.(Ref: Example 11.2.2)

10. Find the focus and directrix of the parabola x~2 = 6y . Sketch the parabola, including the focus
and directrix. (Ref: Exercise 11.6.10)

117. Replace the polar equation r~2 = 4r cos 6 withan equivalent Cartesian equation and

identify the graph. (Ref: Example 11.3.6b)

(3 x 2 =6 Marks)
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PartC
(Answer any 2 questions. Each carries 3 marks)

12. Find the area of the region that lies inside the circle r = 1 and outside the cardioid r = 1 -
cos 6 .(Ref: Example 11.5.2)
13. Find the length of the curve definedby x = t°, v = 3t2/2 for 0 < t < 3 .(Ref: Exercise

11.2.26)
14. Theellipse (x2/16) + (y?/9) = 1 isshifted4 unitsto the rightand 3 units up.
a. Find an equation for the new ellipse.
b. Find the center, foci, and vertices of the new ellipse.
c. Sketch the new ellipse, showing its center, foci, and vertices. (Ref: Exercise 11.6.41)

15. Graph the lemniscate r? = 4 cos ©.Discussits symmetry and find the slopes at the origin

(pole). (Ref: Example 11.4.2 & Slope discussion)

(2 x 3 =6 Marks)

ANSWERS

Part A

1. Ellipse Equation: x° /a2 + y?/b? = 1 (where a > b). a isthe semimajor axis, b isthe

semiminor axis.
2. Eccentricity: Foranellipse, e = ¢c/a = sgrt(a? - b?) / a.Forahyperbola, e = c/a =

sgrt (a? + b?) / a.

3.Polar ArcLength: . = /(o to B] sgrt(r? + (dr/de)?) do.

4. Symmetry about y-axis (Polar): If the point (r, ©) liesonthe graph, thenthe point (r, o -
6) or (-r, -6) alsoliesonthegraph.(Replacing 6 with = - 6 orreplacing r with -r and
6 with -6 leaves the equation unchanged).

5. Parametric d?y/dx*: d?y/dx? = (dy'/dt) / (dx/dt) ,where y' = dy/dx.

6. Polar/Cartesian Relationship: x = r cos 6, y = r sin 6, r? = x? + y?, tan 6 =

V/X.

PartB

7. Cartesian Equation for x = -vt, y = t:

o From x = -Vt ,wehave Vvt = -x.Since t > 0, vVt > 0,s0 -x > 0,whichmeans
x < 0.
o Squaring x = -Vt gives x? = t.

o Substitute t = vy :The Cartesian equationis x? = y or y = x?.
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o Path: Thisisthe parabola v = x? .

o Portion Traced: Since x < 0, it's the left half of the parabola(including the vertex).

o Direction: As t increasesfrom0to «, x = -Vt decreasesfrom0Oto -« ,and v = t
increases from 0 to «~ . The particle starts at(0,0) and moves up the left side of the

parabola.

o Graph: Sketch the parabola y=x? , highlight the left half, and draw an arrow starting at (0,0)
pointing up along the left branch.

8. Cartesian Equation forx=4 cost,y=2sint:

o x/4 = cos t,y/2 = sin t.
o Using cos?t + sin?t = 1: (x/4)? + (y/2)? = 1.

(e]

x2/16 + y2/4 = 1.

[¢]

Shape: This is an ellipse centered at (0,0) with semimajor axis a=4 (along x-axis)and

semiminor axis b=2 (along y-axis).

[¢]

Direction: At t=0, pointis (4cos0, 2sin0) = (4,0) .At t=r/2, pointis
(dcos (1/2), 2sin(m/2)) = (0,2) .At t=mo,pointis (-4,0) .At t=2m, backto

(4,0) . The motion is counterclockwise, starting at (4,0).

9. d’y/dx*forx=t-t y=t-t*:

o dx/dt = 1 - 2t

o dy/dt = 1 - 3t?

o y' =dy/dx = (dy/dt) / (dx/dt) = (1 - 3t2) / (1 - 2t)

o dy'/dt = d/dt [ (1 - 3t?) / (1 - 2t) ] (Usequotientrule)
= [ (-6t) (1 - 2t) - (1 - 3t2)(-2) 1 / (1 - 2t)>2

= [ -6t + 12t% + 2 - 6t2 ] / (1 - 2t)?

= (6t? - 6t + 2) / (1 - 2t)% = 2(3t? - 3t + 1) / (1 - 2t)?
o d’y/dx? = (dy'/dt) / (dx/dt)

= [ 2(3t2 -3t + 1) / (1L -2t)2 1 / (1L - 2t)

= 2(3t?2 - 3t + 1) / (1 - 2t)3

10. Focus and Directrix for x? = By:

o Standardformis x? = 4dpy.

o Comparing, 4p = 6,80 p = 6/4 = 3/2.

o The parabola opens upwards(since p > 0 andit's x? ).
o Vertexis (0, 0) .

o Focusis (0, p) = (0, 3/2).

o Directrixis vy = -p,whichis v = -3/2.
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o Sketch: Draw the parabola opening up, vertex at origin, mark focus at (0, 1.5) and draw the

horizontal line y = -1.5 asthe directrix.

11. Cartesian Equation for r? = 4r cos O:

o

PartC

Substitute r? = x? + y? and r cos 6 = x.

x? + y? = 4x.

Rearrange: x? - 4x + y? = 0.
Complete the square forx: (x? - 4x + 4) + y? = 4.
(x = 2)2 + y? = 4.

Graph: Thisis acircle centeredat (2, 0) withradius V4 = 2.

12. Areainside r=1and outsider=1-cos 6:

Intersection: 1 = 1 - cos 6 =>cos 6 = 0.Thisoccursat 6 = -/2 and 6 =

/2.

Theregionistracedas © goesfrom -/2 to /2.

Outercurve r» = 1 .lnnercurve r1 = 1 - cos 6.

Area A = (1/2) [fla to B] (r2? - ri?) dé

A= (1/2) f[-n/2 to u/2] (12 - (1 - cos 6)2) d6

A= (1/2) f[-n/2 to n/2] (1L - (1 - 2 cos © + cos? ©)) db6

A = (1/2) J[-u/2 to n/2] (2 cos 6 - cos? O) db

Use cos?2 6 = (1 + cos(20))/2:

A= (1/2) fl-u/2 to m/2] (2 cos © - (1 + cos(206))/2) deo

A = (1/2) [f[-u/2 to n/2] (2 cos 6 - 1/2 - (1/2)cos(20)) dé6
Evaluate:

A= (1/2) [ 2 sin 6 - (1/2)6 - (1/4)sin(26) 1 | [-n/2 to m/2]
A= (1/2) [ (2sin(u/2) - (1/2)(u/2) - (1/4)sin(m)) - (2sin(-1/2)
- (1/2) (-u/2) - (1/4)sin(-m)) ]

A= (1/2) [ (2*1 - u/4 - 0) - (2*(-1) + u/4 - 0) ]

A= (1/2) [ (2 - a/d) - (=2 + u/4) ]

A= (1/2) [ 2 -u/4+ 2 -u/41 = (1/2) [ 4 -u/2 ] =2 -1/l

13. Lengthof x =t%, y = 3t>/2 for 0 St <3:

o

(o]

o

Formula: L = f[a to b] sqgrt((dx/dt)? + (dy/dt)?) dt
dx/dt = 3t?2
dy/dt = (3/2) (2t) = 3t
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o

(dx/dt)? + (dy/dt)? = (3t2)2 + (3t)? = 9t* + 9t2? = 9t?2(t? + 1)

[e]

sgrt ((dx/dt)? + (dy/dt)?) = sqgrt(9t2(t?2 + 1)) = 3t * sqgrt(t? + 1)

(since t > 0)

[¢]

Integral: . = f[0 to V3] 3t * sgrt(t? + 1) dt
Substitution: Let u = t? + 1,then du = 2t dt,so 3t dt = (3/2) du.

[e]

= When t=0, u=1.When t=V3, u=(\N3)2+1 = 3+1=4.

o L = [[1 to 4] sgrt(u) * (3/2) du = (3/2) J[1 to 4] u”~(1/2) du
o Evaluate:

L= (3/2) [ (2/3)u”(3/2) 1 | _[1 to 4]

L = [ u(3/2) 1 |_[1 to 4]

L = 47~(3/2) - 17(3/2) = (N4)3 - 13 =23 -1 =8 -1 =17

14. Shifted Ellipse: Original x2/16 + y2/9 = 1.Shiftright4, up 3.

o a.New Equation: Replace x with (x-4) and y with (y-3) :
(x — 4)2 / 16 + (y -3)2 / 9 =1
o b.Original Features: 2°=16, b?=9.S0 a=4, b=3.Focionx-axis.
c? = a? - b? =16 - 9 =17,s0c = 7.
= QOriginal Center: (0, 0)
= Original Foci: (+\7, 0)
= Original Vertices: (x4, 0)(major); (0, £3)(minor)
o New Features: Apply shift(add 4 to x, add 3 to y):
= New Center: (0+4, 0+3) = (4, 3)
= NewFoci: (4 + V7, 3)
= New Vertices: (4 + 4, 3) -> (8, 3) and (0, 3) (major); (4, 3 + 3) ->
(4, 6) and (4, 0) (minor)
o c. Sketch: Draw axes. Mark the center (4, 3). Mark the major vertices (0, 3)and (8, 3). Mark the
minor vertices (4, 0)and (4, 6). Mark the foci (4-V7, 3) and (4+V7, 3) (approx1.35
and 6.65 for x). Sketch the ellipse passing through the vertices.

15. Graphing r?=4 cos 6:

o Symmetry:
= x-axis: (r, -0) > r? = 4 cos(-6) = 4 cos 6.Yes, symmetric about x-axis.

» y-axis: (r, n-9) > r? = 4 cos(n-9) = -4 cos ©.No.Test (-r, -6) —>
(-r)? = 4 cos(-6) > r? = 4 cos 0.Yes, symmetric about y-axis.
= Origin: (-r, ©) => (-r)? = 4 cos © > r? = 4 cos 0.Yes, symmetric

about origin.
(Symmetry about x and y implies origin symmetry)

o Domain: Requires cos 6 = 0,whichoccursfor -nn/2 < 6 < /2.
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o Shape: Lemniscate (figure-eight shape).

o Slopes at Origin: The curve passes through the origin when r=0, which happens when
cos 6 = 0,i.e., ® = f/2.
The slope at the origin for a polar curve r=f (6) passingthroughat 6=6¢ is tan (6o) .

= At ©

n/2 ,slopeis tan (/2) whichisundefined(vertical tangent).

» At 6 -n1/2 ,slopeis tan (-n/2) whichisundefined (vertical tangent).

o Graph: Draw the figure-eight shape, symmetric about the x-axis, passing through the origin
with vertical tangents there, and extending along the x-axis. The maximum r is +2 when

6=0.

MA THEMA TICS DEPARTMENT
Model Examination - Parametrization and Conic Sections (MATH 2025)

Total Marks: 15
Time: 1.5 Hours

Part A
(Answer any 2 questions. Each carries 1/2 mark)

1. Define a parametric curve and its parameter interval. (Ref: Section 11.1 Definition)
2. State the parametric formula for dy/dx if x = £(t), yv = g(t) .(Ref: Section11.2,Eq. 1)

3. What is the eccentricity e of a parabola? (Ref: Section 11.7 Definition)

(2 x1/2 =1Mark)

PartB

(Answer any 2 questions. Each carries 1.5 marks)

4. Given the parametric equations x = 3t, y = 9t"2, -« < t < < ldentify the particle's

path by finding a Cartesian equation for it. Graph the Cartesian equation and indicate the direction
of motion. (Ref: Exercise 11.1.1)
5. Find the focus and directrix of the parabola yv~2 = 10x .Sketch the parabola.(Ref: Example

11.6.1)
B. Find an equation for the line tangent tothe curve x = sec t, y = tan t atthepoint (V2,

1) (correspondingto t = /4 ).(Ref: Example 11.2.1)

(2 x 1.5 =3 Marks)

PartC
(Answer any 2 questions. Each carries 2 marks)
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. Find the area under one arch of the cycloid x = a(t - sin t), vy = a(l - cos t) .(Ref:

Exercise 11.2.21)

. The parabola y*2 = 8x isshifted down 2 units and right 1unit to generate the parabola (y +

2)72 = 8(x - 1).
a. Find the new parabola's vertex, focus, and directrix.
b. Plot the new vertex, focus, and directrix, and sketch in the new parabola. (Ref: Exercise 11.6.39)

. Find the length of the cardioid r = 1 - cos 6 .(Ref: Example 11.56.3)
10.

Find a Cartesian equation for the hyperbola centered at the origin that has afocusat (3, 0)

andtheline x = 1 asthe corresponding directrix. (Ref: Example 11.7.1)

(2 x 2 =4 Marks)

(Note: The total marks add up to 8 based on the structure above. To reach 15, the number of questions to

answer or the marks per question would need adjustment, similar to the variations in the sample papers.
For example: Part A: 4x1=4, Part B: 3x2=6, Part C: 2x2.5=5)

ANSWERS

Part A

1.

Define parametric curve: If x and y are given as continuous functions x = f(t) , y =
g (t) overaninterval I of t-values, thenthe set of points (x, vy) = (f(t), g(t)) defined
by these equations is a parametric curve. The variable t isthe parameter, and its domain T is

the parameter interval.

2. Parametric formula fordy/dx: If x = f(t) and y = g (t) aredifferentiable, and dx/dt #

0,then dy/dx = (dy/dt) / (dx/dt) .

3. Eccentricity of parabola: The eccentricity e of aparabolais e = 1.

PartB

4. Cartesian Equation for x = 3t, y = 9t%:

o From x = 3t,weget t = x/3.

o Substituteinto v = 9t"2: v = 9(x/3)"2 = 9(x"2/9) = x"2.

o The Cartesian equationis y = x~2 . Thisisa parabola opening upwards with vertex at
(0,0).

o Direction: As t increases from -« to =, x = 3t increasesfrom —«= to «.

» When t < 0, x < 0,the particle moves down the left side towards the vertex.

= When t = 0, (x, y) = (0, 0).
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= When t > 0, x > 0,the particle moves up the right side away from the vertex.
o Graph: Sketch the parabola vy = x”2 . Indicate direction with arrows moving from left-to-

right through the vertex.
5. Focus and Directrix for y? = 10x:

o Standardformis y*2 = 4px.

o Comparing, 4p = 10,s0p = 10/4 = 5/2.

o The parabola opens to the right(since p > 0 andit's y*2 ).

o Vertexis (0, 0) .

o Focusis (p, 0) = (5/2, 0).

o Directrixis x = -p,whichis x = -5/2.

o Sketch: Draw the parabola opening right, vertex at origin, mark focus at (2.5, 0) and draw the

verticalline x = -2.5 asthedirectrix.

6. Tangent Line for x=sect,y=tantatt=1/4:

o Point: At t = /4, x = sec(nn/4) = N2,y = tan(n/4) = 1.Thepointis (V2,
1) .
o Derivatives:
= dx/dt = d/dt (sec t) = sec t tan t

. dy/dt d/dt (tan t) = sec”2 t

o Slope dy/dx:

s dy/dx (dy/dt) / (dx/dt) = (sec”2 t) / (sec t tan t) = sec t
/ tan t = (1/cos t) / (sin t / cos t) =1 / sin t
o Slopeat t = n/4:
» dy/dx | (t=n/4) =1 / sin(u/4) =1 / (1/N2) = V2.
o Tangent Line Equation(point-slope form): v - y1 = m(x - x1)
n oy -1 =12 (x - V2)
n oy -1 =42 x -2

=y = V2 x -1

PartC
7. Area under Cycloid Arch:

o Curve: x = a(t - sin t),y = a(l - cos t).0nearchcorrespondsto 0 < t <
21T .
o Area A = J y dx.Weneed dx = (dx/dt) dt.

o dx/dt = a(l - cos t).
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o Limits: When t=0, x=0.When t=2n, x=a (2 - sin(2m)) = 2mna.

o Integral:
A = [[t=0 to 2m] y(t) (dx/dt) dt

A = [0 to 2] a(l - cos t) * a(l - cos t) dt

A =23a"2 J[0 to 2n] (1 - cos t)"2 dt

A = a"2 [[0 to 2] (1 - 2 cos t + cos”2 t) dt

A = a”2 f[0 to 2] (1 - 2 cos t + (1 + cos(2t))/2) dt

A = a”2 [[0 to 2u] (3/2 - 2 cos t + (1/2)cos(2t)) dt
o Evaluate:

A= a2 [ (3/2)t = 2 sin t + (1/4)sin(2t) 1 | [0 to 2m]

A =a"2 [ ( (3/2)(2m) - 2 sin(2m) + (1/4)sin(4m) ) - ( (3/2)(0) -
2 sin(0) + (1/4)sin(0) ) ]

A=a"2 [ (3 -0+ 0) - (0-0+ 0) ]

A = 3ma”2

8. Shifted Parabola (y + 2)*=8(x - 1):

Il
N

o Original parabola: y*2 = 8x.Here 4p = 8,s0 p
= Original Vertex: (0, 0)
= QOriginal Focus: (p, 0)=(2, 0)
= Original Directrix: x = -p = -2
o Shift: Down 2 units( v replaced by y+2 ), Right Tunit( x replaced by x-1 ).
o a.New Features:
» New Vertex: Shift(0, 0)right 1, down2-> (1, -2)
= New Focus: Shift(2, 0)right 1, down2-> (3, -2)
= New Directrix: Shift x = -2 right1-> x = -1
o b. Plot and Sketch:
= Mark the vertex at (1, -2).
» Mark the focus at (3, -2).

s Draw the vertical directrixline x = -1.

= Sketch the parabola opening to the right, passing through the vertex(1, -2), symmetric
abouttheline v = -2.

9. Length of Cardioidr=1-cos 0:

o Thecurveistracedonceas 6 goesfrom 0 to 2m.
o Formula: . = f[o to B] sqgrt(r*2 + (dr/de)"2) deo
o r =1 - cos ©

o dr/d6 = sin 6
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o r*"2 + (dr/de)"2 = (1 - cos ©)"2 + (sin ©)"2
= (1 - 2 cos © + cos”™2 ©) + sin”™2 ©
=1 -2 cos B + (cos™2 6 + sin”2 8)
=1-2cos 6 +1=2-2 cos 6

o Usingidentity 1 - cos 6 = 2 sin®2(6/2) :

r*"2 + (dr/d6)"2 = 2(1 - cos ©) = 2(2 sin”2(©6/2)) = 4 sin"2(6/2)
o sgrt(r*2 + (dr/de)”"2) = sqgrt(4 sin”2(6/2)) = |2 sin(6/2) |
o For 0 <6 < 2,0 < 6/2 < m,s0 sin(6/2) =2 0.Thus |2 sin(6/2)| = 2
sin(6/2) .
o Integral:

L = [0 to 2] 2 sin(B/2) d6

o Evaluate:
L=1[-4cos(6/2) 1 | [0 to 2m]
L = (-4 cos(2u/2)) - (-4 cos(0/2))
L = (-4 cos(m)) - (-4 cos(0))
L = (-4 * -1) - (=4 * 1) =4 - (-4) =8

10. Hyperbola from Focus/Directrix:

o Focus F = (¢, 0) = (3, 0),s0c = 3.

o Directrix x = k = 1.

o Relationship for hyperbola centered at origin: k = a/e and ¢ = ae.

o From k = 1,wehave a/e = 1,50 a = e.

o Substitute a = eintoc = ae: 3 = e * e = e"2.

o So, e”2 = 3,andtheeccentricity e = V3.

o Since a = e,wehave a = V3.S0 a"2 = 3.

o Forahyperbola, b"2 = c¢*2 - a”2.

o b"2 =32 - (N3)"2 =9 - 3 = 6.

o The standard equation for a hyperbola with foci on the x-axisis x*2/a"2 - y*2/b"2 =
1.

o Substituting a2 = 3 and b"2 = 6:
x"2/3 - y*2/6 =1
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